Abstract. The Cherlin-Zil'ber Conjecture states that all simple groups of finite Morley rank are algebraic. We prove that any minimal counterexample to this conjecture has a unique conjugacy class of Carter subgroups, which are defined as being the definable connected nilpotent subgroups of finite index in their normalizers, and which are analogous to Cartan subgroups in algebraic groups.
Introduction
This paper is a contribution to the study of the Cherlin-Zil'ber Conjecture, which states that the infinite simple groups of finite Morley rank are algebraic. In the view of this conjecture, the search for analogues in groups of finite Morley rank of classical theorems in affine algebraic groups has been a continuing subject. In this article, we consider the conjugacy of Cartan subgroups, which are defined in affine algebraic groups as being the connected components of the centralizers of maximal tori. These subgroups are the maximal tori in simple algebraic groups. In groups of finite Morley rank, Cartan subgroups are approximated by Carter subgroups, which are defined as being definable, connected, nilpotent, and of finite index in their normalizers. These subgroups exist in any group of finite Morley rank. Carter subgroups have turned out to be increasingly useful in the analysis of groups of finite Morley rank. In particular since, contrary to other categories of subgroups, they are nontrivial as soon as the ambient group is infinite. Furthermore, the most difficult problem concerning the Cherlin-Zil'ber Conjecture is the search for an analogue with the Feit-Thompson Theorem, and few tools allow to advance in this direction. In this context, probably Carter subgroups have a role to play.
This article concerns the conjugacy of Carter subgroups in K * -groups, in other words in the groups of finite Morley rank all of whose proper, infinite, simple, definable and connected sections are algebraic over an algebraically closed field. Indeed, for the Cherlin-Zil'ber Conjecture, it is enough to analyze just simple K * -groups, which are the minimal potential counterexamples. Actually, this theorem is the outcome of several studies concerning the conjugacy of Carter subgroups in groups of finite Morley rank. Indeed, the conjugacy of Carter subgroups has been proven in several important particular cases (see [10, 12, 15, 19] ). Notably two of these ones will be very useful for us. First F. Wagner proved the following result, which will be used all the long of this paper. Fact 1.3. - [19] Let G be a solvable group of finite Morley rank. Then any two Carter subgroups of G are conjugate.
Secondly E. Jaligot proved the conjugacy of generous Carter subgroups (Definition 2.10), which is certainly the more general conjugacy result of the subject. This one will be very useful to us. Thanks to this, we have just to consider non generous Carter subgroups, which is an important restriction (see Section 4). Fact 1.4. - [15] In any group G of finite Morley rank, generous Carter subgroups are conjugate and generically disjoint.
At the beginning, our first aim was to consider right minimal connected simple groups, which is the most important case, but it turned out that the proof of Theorem 1.2 and some remarks about [6] (Section 6) are enough to obtain the complete result, and even more. Indeed the main part of this paper concerns the proof of Theorem 1.5, then we prove Corollaries 1.6 and 1.9 (Section 5). Finally we obtain Theorem 1.2 and Corollary 1.8 as particular cases of Corollary 1.6.
We use the concept of P -groups, which are the groups of finite Morley rank all of whose definable connected simple sections have a nontrivial pseudo-torus (Definitions 4.1 and 2.17). In particular, any solvable group of finite Morley rank is a P -group. Theorem 1.5. -Let G be a group of finite Morley rank. If the normalizer of each nontrivial abelian divisible definable subgroup is a P -group, then the divisible Carter subgroups of G are conjugate.
Moreover, if G has a non generous divisible Carter subgroup C, then there is an interpretable field K of characteristic zero such that C is a homogeneous U Ksubgroup (Definition 3.8), and G has no generous Carter subgroup.
Our first corollary is our most general result about the conjugacy of all the Carter subgroups in a group of finite Morley rank. Moreover it speak about the structure of a group of finite Morley rank with a non generous Carter subgroup. Its proof uses Fact 5.3. Corollary 1.6. -Let G be a group of finite Morley rank. Suppose that the normalizer of each nontrivial abelian definable subgroup is a P -group. Then its Carter subgroups are conjugate.
Moreover, if G has a non generous Carter subgroup C, then G • is a V -group (Definition 5.1), and C is a homogeneous U K -subgroup for an interpretable field K of characteristic zero.
Now we obtain Corollary 1.8 by the following fact. Indeed, if we consider toward a contradiction such a group G, then Fact 1.4 provides a non generous Carter subgroup C, and G is a P -group by Fact 1.7.
Moreover G
• is a V -group by Theorem 1.6, in particular G has no nontrivial pseudotorus, so G
• is solvable (Remark 4.3), contradicting Fact 2.12.
Corollary 1.8. -In any group of finite Morley rank all of whose definable simple sections have involutions, Carter subgroups are conjugate and generous.
We note that, for any K * -group G, either G is a minimal connected simple group, or its definable simple sections have involutions. Consequently Corollaries 1.6 and 1.8 imply Theorem 1.2.
The following result, proved in Section 5, is another justification to provide a general result as Corollary 1.6, rather than just Theorem 1.2. Corollary 1.9. -Let G be a group of finite Morley rank. Suppose that G has a normal minimal connected simple subgroup A, such that G/A is solvable. Then the Carter subgroups of G are conjugate.
Our paper is organized as follows. In Section 2, some well-known results are mentionned. In Section 3, we discuss the concepts of unipotence introduced by J. Burdges into [4] . All our information on the structure of studied groups will be based on these concepts.
In Section 4, we reduce our analysis to C * -groups, that is a minimal configuration. This section is our first very important step. However it is not very hard since the most of this restriction work has been make elsewhere. Indeed E. Jaligot proved that generous Carter subgroups are conjugate in any group of finite Morley rank (Fact 1.4), consequently our study will only concern non generous Carter subgroups. Moreover the analysis by G. Cherlin in [7] about decent tori (Definition 2.17) allows us to content our study to Carter subgroups without a nontrivial decent torus, and even without a nontrivial pseudo-torus by the generalisation of this work in [12] .
In Section 5, we show that Corollaries 1.6 and 1.9 are well consequences from Theorem 1.5. Henceforth, we have just to prove Theorem 1.5 for C * -groups. In Section 6, we yield the results of [6] needed here. This work by J. Burdges is essential for us. Indeed, several times it will allow to destroy very bad configurations, for example in the proof of Theorem 7.3. Actually, the facts of this section are written in [6] for minimal connected simple groups. However, their proofs in [6] allows the more general versions given here.
In Section 7, we consider the structure of a non generous divisible Carter subgroup. The main result of this section is nontrivial and highly necessarily for all the rest of this paper, and it starts our general strategy for the complete proof of Theorem 1.5. Indeed, our main idea is, if the structure of Carter subgroup resemble to the one of an algebraic torus, for example it is a pseudo-torus (Definition 2.17), then it is generous (see Fact 2.21). Hence a non generous Carter subgroup C has to be "unipotent-like". This is essential since our final rank calculation will be feasible just if we obtain a sufficiently clear, and homogeneous, configuration. Henceforth our strategy is the following:
-we show that the structure of a non generous divisible Carter subgroup is "unipotent" in a strong sense including the homogeneity (Theorem 7.3); -we show that any subgroup with a nontrivial intersection with such a Carter subgroup has this unipotent-like structure too (Proposition 8.2);
-we study the intersections between Carter subgroups in the terms of subgroups V K ( · ) (Sections 9 and 10). Note that the intersections of Carter subgroups will be characterized, in a certain sense, as the subgroups H such that H = V K (H) (Corollary 9.6), and their analysis culmins with Theorem 10.5, which shows that, under some conditions, these subgroups are generically "disjointed". This work is again very necessarily for the final argument.
-from now on, this structural analysis enables us to make the finale rank calculation, and to obtain a genericity theorem (Theorem 10.6), then Theorem 1.5 (Section 11). At this stage, all the arguments are relatively formal.
Facts
The notations will be as in [3] , which is also our basic reference. In this section we recall definitions and known results.
General points.
If X is a subset of a group G of finite Morley rank, then the definable closure of X, denoted by d(X), is the intersection of all the definable subgroups of G which contain X. By the descending chain condition on definable subgroups, this intersection is definable.
If H is a subgroup of a group G of finite Morley rank, the connected component • D is definable, connected, characteristic and divisible;
• C is definable, characteristic and of bounded exponent;
• the torsion part of D is divisible and central, and D is torsion-free.
The Fitting subgroup F (G) of a group G is the subgroup generated by all the normal nilpotent subgroups of G. Nesin proved that the Fitting subgroup is definable and nilpotent in any group of finite Morley rank [3, Theorem 7.3] .
Fact 2.4. -[3, Theorem 9.21] Let G be a connected and solvable group of finite morley rank. Then G/F (G)
• (so also G/F (G)) is a divisible abelian group.
A subgroup A of a group G of finite Morley rank is said to be S-minimal, where S is a subset of G, if A is infinite, definable, normalized by S and minimal for these conditions. The following fact due to F. Wagner will be very used to eliminate the torsion in our restriction to C * -groups (Section 4). If G is a group and X a subset of G, the generalized centralizer E G (X) of X in G is the set of elements g ∈ G such that, for each x ∈ X, [g, n x] = 1 for some n ∈ N, where [g, • E G/N (HN/N ) = E G (H)N/N for every normal subgroup N of G.
• E G (H) contains a Carter subgroup of G. 2.4. Decent tori and pseudo-tori. In [7] , G. Cherlin defines decent tori as an analogue to tori algebraic. In [12] , we introduce pseudo-tori, as a more general notion, independant of the torsion. Here we relate just the more general results used in this paper, and concerning pseudo-tori, but their proof are very often similar to their analogue in [7] concerning decent tori.
Note that the concept of decent torus is sufficient to prove Theorem 1.2, since we did not use pseudo-tori in the first version of this paper. In fact, we prefer use pseudo-tori rather than decent tori just because we obtain more precise structural information about a possibly non generous Carter subgroup.
Definition 2.17. -Let T be a divisible abelian group of finite Morley rank. We say that T is a decent torus if T is the definable closure of its torsion.
We say that T is a pseudo-torus if no definable quotient of T is definably isomorphic to K + for an interpretable field K. 
Unipotence
In [4] , J. Burdges introduced some analogues of algebraic unipotence for groups of finite Morley rank. In [9] , we continued the analysis of these concepts. Here are just given the more general results used in the article, and we refer to [4] , or [9] , for a more complete introduction concerning these unipotence notions.
3.1. U 0,r -groups. For a notion analogous to unipotence in algebraic groups, Burdges [4] introduced the notions of reduced rank and U 0,r -groups.
An abelian connected group A of finite Morley rank is indecomposable if it is not the sum of two proper definable subgroups. If A = 1, then A has a unique maximal proper definable connected subgroup J(A), and if A = 1, let J(1) = 1. In particular, Fact 3.1 says that any divisible group of finite Morley rank is generated by its indecomposable subgroups.
As in [4] , the reduced rank of any abelian group A of finite Morley rank is r(A) = rk(A/J(A)). Also, if G is any group of finite Morley rank and r a positive integer, then we define
We say that G is a U 0,r -group whenever G = U 0,r (G).
Remark 3.2. -By Fact 2.3, any indecomposable subgroup is either of bounded exponent, either a U 0,r -group for r a positive integer, or a decent torus.
For every nonzero integer r, a Sylow U 0,r -subgroup of a group G of finite Morley rank is a maximal nilpotent U 0,r -subgroup of G. Fact 3.5 is not written in [14] , but it is deduced of the proof of Fact 1.1.
Fact 3.5.
- [14] Let G be a group of finite Morley rank. If r is an integer and if S is a Sylow U 0,r -subgroup of G such that N G (S) has no nontrivial decent torus and such that U 0,s (N G (S)) = 1 for each s < r, then S is contained in a Carter subgroup of G as a normal subgroup. 
3.2. U -groups. We introduce the notion of U -groups as a more precise unipotence notion than U -groups defined in [9] . This concept depend on pseudo-tori [12] . Notation 3.7. -For any interpretable field K of characteristic zero and any group G of finite Morley rank, we denote by U K (G) the (definable connected) subgroup of G generated by its indecomposable subgroups A such that A/J(A) is definably isomorphic to K + . Definition 3.8. -A group G of finite Morley rank is said to be a U K -group, where K is an interpretable field of characteristic zero, if
Moreover, for every group G of finite Morley rank, we denote by U (G) the subgroup of G generated by its normal homogeneous U K -subgroups, for the interpretable fields K of characteristic zero, and by its normal definable connected subgroups of bounded exponent.
A U -group is a group G of finite Morley rank such that G = U (G).
Remark 3.9. -By Fact 2.7, any divisible indecomposable subgroup is either a pseudo-torus or a U K -group for an interpretable field K of characteristic 0. By Fact 2.22, in any U -group, each pseudo-torus is trivial.
We do not write the proofs of the following results. Indeed, by using [12] instead of [7] , they are similar to the ones of [4, 5, 9] . Fact 3.10. -(Compare with [5, Theorem 3.4] ) Let G be a divisible nilpotent group of finite Morley rank, and let T be its maximal pseudo-torus. Then G interprets some fields K 1 , · · · , K n of characteristic zero such that 
where B is a definable connected characteristic subgroup of bounded exponent, and U Ks (G) a homogeneous U Ks -subgroup (for s ∈ {1, 2, . . . , n}). • Every definable quotient of a U -group is a U -group.
• Every definable connected subgroup of a U -group is a U -group. Corollary 3.17. -Let G be a connected nilpotent group of finite Morley rank. Then G is a U -group if and only if its indecomposable subgroups are U -groups.
Proof -By Fact 3.16, we may assume that each indecomposable subgroup of G is a U -group. Then U (G) contains each indecomposable subgroup of G (Fact 3.14). As G/ U (G) is divisible (Fact 2.3), Facts 3.1 yields G = U (G). Proof -We prove that G/ K(G) is a U -group. By Fact 2.22, we may assume that G has two normal definable subgroups H and K such that H ∩K = 1, and such that G/H and G/K are U -groups. By Facts 3.15 and 3.16, we may assume that G is a U K -group for an interpretable field K of characteristic 0. By Facts 3.15 and 3.18, G/H and G/K are homogeneous U K -groups. Therefore, if A is a definable subgroup of G, then A/(A ∩ H) ∼ = AH/H is a U K -group and Fact 3.18 gives A = U K (A)(A ∩ H). In the same way, we have
Let A be a normal definable subgroup of G. By the preceding paragraph, G/ K(G) is a U -group, and Fact 3.16 says that
Corollary 3.21. -Let G be a torsion-free nilpotent group of finite Morley rank without a nontrivial pseudo-torus, and H be a definable subgroup of G. Proof -We proceed by induction on rk(G). We may assume K(F (G)) = 1. Let A be a G-minimal subgroup of K(F (G)). By Fact 2.22, G/A has no nontrivial pseudo-torus. By Corollary 3.21, by induction hypothesis and by Fact 2.13, we have 
. Then, by Lemma 3.20 and Corollary 3.21, we have
. By induction hypothesis and by Fact 2.13, we obtain K(F (G/H)) ≤ K(CH/H), and Lemma 3.20 gives A = K(F (G)) ≤ K(C)H. Since H is central in F (G) by G-minimality, and since Facts 2.4 and 2.13 yields G = F (G)C, the subgroup C ∩ H is normal in G and we have either C ∩ H = 1 or H ≤ C. In the first case, we obtain A ≤ C ∩ K(C)H = K(C), so we may assume H ≤ C.
We may assume A K(C). By the first paragraph, we have A ∩ K(C) = 1 and, since A ≤ K(C)H, there is a definable isomorphism between A and K(C)A ∩ H ≤ H. Since G is torsion-free, B is divisible. Then, since G has no nontrivial pseudotorus and since B is indecomposable, there is an interpretable field K such that B is a U K -subgroup. But, by Fact 3.11, [G, U K (F (G)] is a homogeneous U K -group, so H is a homogeneous U K -group. This proves that A is a homogeneous U K -group. By Lemma 3.20 and Fact 3.16, B/A ≤ F (G)/A is a U -group and, by Fact 3.15, B/A is a homogeneous U K -group. Now, by Fact 3.18, for each definable subgroup
Hence B is a homogeneous U K -group, contradicting our choice of B.
C * -groups
In this section we show that it is enough to prove Theorem 1.5 for C * -groups (Definition 4.4, Theorem 4.14). We define P -groups, C-groups and C * -groups. -Each definable section of a P -group is a P -group.
If a P -group has no nontrivial pseudo-torus, then its connected component is solvable (Fact 2.22). In particular, by Facts 2.21 and 2.22, the subgroup C G (T )
• is solvable for any maximal pseudo-torus T of a P -group G.
Consequently, by Facts 2.11, 2.12, 2.18, 2.19, 2.20 and 2.21, any P -group G has a generous Carter subgroup.
Definition 4.4. -We say that a connected P -group G is a C-group if, in each definable section H/K of G, the Carter subgroups of H/K are conjugate.
A C * -group is a connected group G of finite Morley rank such that,
• its proper connected definable P -sections are C-sections;
• G has a non generous torsion-free Carter subgroup, with no nontrivial pseudo-torus; • G has no nontrivial normal proper P -subgroup;
• for any infinite abelian divisible definable subgroup A, N G (A) is a P -group.
In particular, any connected solvable group is a C-group (Fact 1.3). Moreover, if a minimal connected simple group of finite Morley rank has two non conjugate Carter subgroups, then it is a C * -group (Facts 1.3 and 1.4, and Proposition 4.7). Theorem 4.14 justifies the introduction of these concepts.
Remark 4.5. -Each definable connected section of a C-group is a C-group.
By Remark 4.3, Carter subgroups are generous in each definable section of a C-group, in particular C * -groups are not C-groups.
Lemma 4.6. -Let B be a maximal p-unipotent subgroup of a group G of finite Morley rank. Suppose that H = B ∩ B 0 is an intersection between B and another maximal p-unipotent
• (Fact 2.4). By maximality of rk(H), B is the unique maximal punipotent subgroup of G containing N B (H)
• , so B contains B 1 . This proves that B contains N B0 (H)
• , therefore H is of finite index in B 0 , and the connectedness of B 0 yields B 0 = H ≤ B, contradicting our hypothesis.. Proposition 4.7. -Let G be a group of finite Morley rank. Suppose that, for each definable connected section H/K where H normalizes a nontrivial abelian definable subgroup of G, either H/K is a C-group or rk(H/K) = rk(G). Then every non generous Carter subgroup C of G is torsion-free, and has no nontrivial pseudotorus.
Proof -We may suppose that G is connected and has a non generous Carter subgroup C. In particular, by Fact 2.12, the group G is not solvable.
Let T be the maximal pseudo-torus of C.
• (Fact 2.20). But C/T and D/T are some Carter subgroups of the C-group C G (T )
• /T , so they are conjugate. By the maximality of T in C, we obtain T = T 0 and, by the maximality of T 0 in G and by Fact 2.22, the group C G (T )
• /T does not have a nontrivial pseudo-torus. Thus
• . By Facts 2.21 and 2.11, C is generous in G, contradicting our hypothesis, hence T = 1.
If H/K is a connected definable section of G with C ≤ H and K an infinite solvable subgroup, then H/K is a C-group. If CK = H, then H/K is nilpotent and Fact 2.22 shows that H/K has no nontrivial pseudo-torus. If CK < H, then CK
• is a C-group and a Frattini Argument applied to CK proves that CK/K is a Carter subgroup of H/K, in particular H/K has a Carter subgroup with no nontrivial pseudo-torus (Fact 2.22). By the conjugacy of Carter subgroups, H/K has no nontrivial pseudo-torus (Fact 2.20), and H/K is solvable :
If H/K is a connected definable section of G with C ≤ H and K an infinite solvable subgroup, then H/K is solvable and has ( * ) no nontrivial pseudo-torus.
In particular, by using Fact 2.12 and by applying ( * ) with H = G, there is no normal infinite definable solvable subgroup in G.
From now on, we suppose that C has torsion. By Fact 2.3, C has a nontrivial p-unipotent subgroup for a prime p. Let B be the maximal p-unipotent subgroup of
is a decent torus (Facts 2.6 and 2.8). Hence ( * ) says that N G (B)
• centralizes A 0 /B, in particular A 0 normalizes C, contradicting that C is a Carter subgroup. Thus
Since U is p-divisible and centralizes its p-torsion (Fact 2.3), and since C has no nontrivial pseudo-torus, U contains no p-element and C = U × B. Moreover, by Fact 2.3, we have
A. Since A is finite, there exists H = B ∩ B 0 an intersection between B and a maximal p-unipotent subgroup B 0 = B of G, such that H A and such that, for every maximal p-unipotent subgroup
• is not solvable and it is a C-group since H A is not normal in G. Hence N G (H)
• contains a nontrivial pseudo-torus. Let B 2 be a definable subgroup of B, not contained in A, such that N G (B 2 )
• contains a nontrivial pseudo-torus and such that, for every definable subgroup B 3 of B with rk(B 3 ) > rk(B 2 ), the subgroup N G (B 3 )
• contains no nontrivial pseudotorus. By the preceding paragraph, we have
• has no nontrivial pseudo-torus by ( * ) and Fact 2.22, we have
• and
• contains a nontrivial pseudo-torus by Fact 2.20.
• and C 2 ≤ C contains a nontrivial pseudo-torus. This contradiction implies
• is not contained in C, and this proves that
• , we have
, therefore h normalizes B 3 and we obtain B 2 < B 3 ≤ B ∩ B h < B, contradicting ( * * ). Consequently C is torsion-free. Lemma 4.9 yields a link between Carter subgroups and U 0,r -subgroups. Notation 4.8. -For every G of finite Morley rank with a nontrivial torsion-free definable subgroup, let r min (G) be the smallest integer such that G has a nontrivial indecomposable subgroup A of reduced rank r min (G).
Lemma 4.9. -Let G be a C-group of finite Morley rank. If G has a torsionfree Carter subgroup C without a nontrivial pseudo-torus, then G is a torsion-free solvable group, and G has no nontrivial pseudo-torus.
Moreover
Proof -Let T be a maximal pseudo-torus of G. Then T is contained in a Carter subgroup D of G (Fact 2.20) and, since G is a C-group, C contains a conjugate of T . Hence T = 1 and G is solvable. Moreover, if G = 1, then Facts 1.3 and 3.5 show that C contains a Sylow U 0,rmin(G) -subgroup of G.
We assume toward a contradiction that G has torsion. By Facts 2.1-2.4, there is a G-minimal p-unipotent subgroup A in G for a prime p. By Facts 2.6 and 2.8, the quotient G/C G (A) is a decent torus, and G centralizes A (Fact 2.22). In particular C contains A, contradicting our hypothesis.
Moreover, if G = 1, then Facts 1.3 and 3.5 show that C contains a Sylow U 0,rmin(G) -subgroup of G.
Proposition 4.10. -Let G be a connected group of finite Morley rank, and H a normal definable subgroup. If H
• and G/H are C-groups, then G is a C-group.
Proof -We may suppose toward a contradiction that G is a minimal counterexample. As H and G/H are P -groups, G is a P -group, so G has two non conjugate Carter subgroups, and G has a non generous Carter subgroup C (Fact 1.4).
Let A be a normal subgroup of
• is a C-group by minimality of G, and the Carter subgroups of CA are conjugate, therefore N G/A (CA/A) = N G (C)A/A by a Frattini Argument. So CA/A is a Carter subgroup of G/A, and CA/A is generous in G/A (Remark 4.5). Then, since G centralizes the finite section A/A
• , the sugbroup CA • is generous in G. But C is generous in the C-group CA
• , and this contradicts the nongenericity of C in G (Fact 2.11), hence we have G = CA = CA
• , in particular G = CH • . Moreover this proves that G has no infinite normal definable solvable subgroup A, otherwise G/A would be a C-group by minimality of G and G = CA would be solvable, contradicting Fact 2.12.
Since G is not a C-group and since H • is a C-group, there exists a maximal
• is normal in G. Moreover, by Proposition 4.7 and by minimality of G, C is torsion-free and has no nontrivial pseudo-torus. We assume toward a contradiction that C ∩ M = 1. Then there exists an integer r 0 such that U 0,r0 (C ∩ M ) is not trivial. Let r be the smallest integer such that C normalizes a nontrivial nilpotent U 0,r -subgroup of M and let U be a maximal nilpotent U 0,r -subgroup of M such that C normalizes U . Let N = N G (U )
• . Since U is infinite and nilpotent, and since G has no infinite normal definable solvable subgroup, we have N = G, and N is a C-group by minimality of G. But C is a torsion-free Carter subgroup of N and C has no nontrivial pseudotorus, so N is a torsion-free solvable subgroup without a nontrivial pseudo-torus (Lemma 4.9).
Let s = r min (N ∩ M ) and let S be a nontrivial U 0,s -subgroup of N ∩ M . We show that s = r. We have s ≤ r and E N (S) contains a Carter subgroup of N (Fact 2.15). By Fact 1.3, there exists
). Since Fact 2.14 gives S x ≤ R, the minimality of r yields r = s. Now U R is a nilpotent U 0,r -subgroup of M (Fact 3.6), and U R is normalized by C, so R ≤ U by the maximality of U . This proves that U contains a N -conjugate of each U 0,s -subgroup of N ∩ M and, by the normality of U in N , U is the unique (Fact 3.3) . Moreover, N is torsion-free, without a nontrivial pseudo-torus, and r = s = r min (N ∩ M ), therefore Fact 3.5 says that U is contained in a Carter subgroup C 0 of M as a normal subgroup. In particular we have C 0 ≤ N and, as N is torsion-free and without a nontrivial pseudo-torus, C 0 is a torsion-free Carter subgroup of the C-group M , and C 0 has no nontrivial pseudo-torus. Then Lemma 4.9 says que M is solvable contradicting that G has no infinite normal definable solvable subgroup. This proves that C ∩ M = 1 and, since
Consequently C is a minimal nontrivial definable subgroup of G, in particular we have C ∩ C g = 1 for each g ∈ G \ N G (C). Since C is a Carter subgroup of G, this proves that C is generous in G, contradicting our hypothesis over C.
Corollary 4.11. -Let G be a connected P -group. Suppose that, for each definable
Proof -By Proposition 4.10, G has no proper infinite normal definable subgroup. So its proper normal definable subgroups are finite and central, in particular Z(G) is finite and G/Z(G) is a simple group (Fact 2.5). This proves that the proper connected definable sections of G/Z(G) are C-sections, that G/Z(G) has no nontrivial proper normal subgroup, and that, for any infinite abelian divisible
• is a C-group. Now it is enough to prove that G/Z(G) has a non generous torsion-free Carter subgroup, with no nontrivial pseudo-torus.
By Proposition 4.10, G/Z(G) is not a C-group. As G/Z(G) is a P -group and as each proper connected definable section of G/Z(G) are C-sections, G/Z(G) has a non generous Carter subgroup (Fact 1.4). We conclude by Proposition 4.7.
Corollary 4.12. -Let G be a group of finite Morley rank, H a normal definable subgroup, and C a Carter subgroup of G. If H
• is a C-group, then CH/H is a Carter subgroup of G/H and all the Carter subgroups of G/H have this form.
Proof -By Proposition 4.10, CH
• is a C-group, so a Frattini argument applied
and E is a Carter subgroup of G.
Lemma 4.13. -Let G be a group of finite Morley rank. Suppose that N G (A)
• is a C-group for each nontrivial abelian divisible definable subgroup A. Then each non generous divisible Carter subgroup C of G is torsion-free, and has no nontrivial pseudo-torus.
Proof -Let T be the maximal pseudo-torus of C (Fact 2.19). Suppose toward a contradiction that T is nontrivial. Then N G (T )
• is a C-subgroup containing C, so C is generous in N G (T )
• . By Facts 2.11 and 2.21, we obtain a contradiction with the nongenerosity of C in G.
Theorem 4.14. -Theorem 1.5 holds if and only if it holds for any C * -group.
Proof -If Theorem 1.5 holds, then it holds for any C * -group, so we may assume that Theorem 1.5 holds for any C * -group. We consider toward a contradiction a minimal counterexample G to Theorem 1.5, with a center Z = Z(G) of minimal degree. Then, by Fact 1.4, G has a non generous divisible Carter subgroup C and, by minimality, G is connected.
We show that each connected definable P -section of G is a C-section. Otherwise there is a minimal counterexample H/K and, by Fact 1.3, H/K is not solvable. Thus H/K has a nontrivial pseudo-torus T H /K, and T H /K is contained in a Carter subgroup C T /K of H/K (Fact 2.20). By Proposition 4.7, C T /K is generous in H/K. Let Z H /K = Z(H/K). By Corollary 4.11, Z H /K is finite and H/Z H is a simple C * -group. Now, since Theorem 1.5 holds for any C * -group, H/Z H has no generous Carter subgroup. But Corollary 4.12 says that C T Z H /Z H is a Carter subgroup of H/Z H , contradicting the generosity of C T /K. This proves that each connected definable P -section of G is a C-section. By the preceding paragraph and by Lemma 4.13, C is torsion-free, and has no nontrivial pseudo-torus. Now, since G is not a C * -group by the choice of G, G has a nontrivial normal proper P -subgroup N of maximal rank, in particular N
• is a C-group.
We assume toward a contradiction that N is infinite. Since CN
• is a C-group by Proposition 4.10, CN
• is a torsion-free solvable group (Lemma 4.9), and N
is a connected P -group, so G is a C-group by the second paragraph. This contradicts the existence of C, hence N is finite, in particular N is a nontrivial central subgroup of G. Moreover, by the maximality of the rank of N , the center Z of G is a nontrivial finite subgroup. Since the preimage Z 2 (G) of Z(G/Z(G)) is a normal definable nilpotent subgroup of G, it is a normal P -subgroup of G, and Z 2 (G) is finite by the maximality of the rank of N , therefore Z 2 (G) is central in G, and Z(G/Z) is trivial. Let A/Z be a nontrivial abelian divisible definable subgroup of G/Z. Since Z is finite, the subgroup A
• is abelian, and divisible (Fact 2.3). Moreover, we have
By the minimality of the degree of Z, Theorem 1.5 holds for G/Z, in particular its divisible Carter subgroups are conjugate.
Moreover, CZ/Z is a divisible subgroup since C is torsion-free, and CZ/Z is non generous in G/Z since Z is finite. Therefore, since Corollary 4.12 says that CZ/Z is a Carter subgroup of G/Z, Theorem 1.5 yields an interpretable field K of characteristic zero such that CZ/Z is a homogeneous U K -subgroup, and it shows that G/Z has no generous Carter subgroup. But, by Corollary 4.12, for any generous Carter subgroup C 1 of G, the subgroup C 1 Z/Z is a Carter subgroup of G/Z, and C 1 Z/Z is generous by generosity of C 1 , hence G has no generous Carter subgroup. Since C is torsion-free and since Z is finite, we have C ∩ Z = 1, so C ∼ = CZ/Z is a homogeneous U K -subgroup. Consequently, by the choice of G, there is a non generous divisible Carter subgroup D of G non conjugate with C. But Corollary 4.12 says that DZ/Z is a (divisible) Carter subgroup of G/Z, hence the preceding paragraph shows that DZ/Z and CZ/Z are conjugate. Now, since Z is finite, we have D = (DZ)
• and C = (CZ)
• , and C and D are conjugate. This is our final contradiction.
5. About Corollaries 1.6 and 1.9
In this section, we verify that Corollaries 1.6 and 1.9 are well consequences from Theorem 1.5.
The following definition is motivated by Corollary 3.17.
Definition 5.1. -A torsion-free group G of finite Morley rank is a V -group if each indecomposable subgroup of G is a U -group.
Remark 5.2. -Any definable subgroup of a V -group is a V -group and, by Facts 3.1 and 3.16, any definable quotient of a V -group is a V -group. Any V -group has no nontrivial pseudo-torus.
Moreover, by Corollary 3.17, a nilpotent group G of finite Morley rank is a V -group if and only if it is a torsion-free U -group.
Our first proof uses the following result. Proof -(Corollary 1.6 follows from Theorem 1.5). Suppose toward a contradiction that G is a minimal counterexample to Corollary 1.6, in particular G is connected. By the minimality of G, for each connected definable P -section H/K of G, either H/K is a C-group or rk(H/K) = rk(G). Then Proposition 4.7 says that any non generous Carter subgroup of G is torsion-free, and its Carter subgroups are conjugate by Theorem 1.5 and Fact 1.4.
We assume that G has a non generous Carter subgroup C and we show that G is a V -group. By Proposition 4.7, C is torsion-free, and there is an interpretable field K of characteristic zero such that C is a homogeneous U K -subgroup by Theorem 1.5, in particular C is a U -subgroup.
First we prove that G has no nontrivial pseudo-torus. Let T be a maximal pseudo-torus of G. By Fact 2.20, there exists a Carter subgroup of G containing T , and we may assume T ≤ C by the conjugacy of the Carter subgroups in G, so T = 1 (Remark 3.9). Hence each connected P -subgroup of G is solvable (Remark 4.3).
We assume toward a contradiction that G has torsion. By the preceding paragraph and by • contains B, therefore B is the unique maximal p-unipotent subgroup of D (Fact 2.3) , and N G (D) normalizes B. Thus D is a Carter subgroup of G, in particular D is conjugate with C, contradicting that C is torsion-free. This proves that G is torsion-free.
Suppose toward a contradiction that G is not a V -group. Then G has a definable nilpotent subgroup C 0 which is not a U -group. We may assume that r = r min (C 0 ) is minimal for such a subgroup. Let N be a definable nilpotent subgroup which is not a U -group, and such that r = r min (N ). Then N G (U 0,r (N )) is a P -group and, by preceding paragraphs, it is a torsion-free solvable subgroup without a nontrivial pseudo-torus. In particular E = E N G (U0,r(N )) (N ) is a definable subgroup containing a Carter subgroup M of N G (U 0,r (N )) (Facts 2.14 and 2.15). By Fact 2.14, we have N ≤ F (E) and, by Lemma 3.20, we have K(N ) = 1. Then Corollary 3.21 and Lemma 3.24 say that M is not a U -subgroup. By minimality of r, we have r ≤ r min (M ), and Fact 3.6 shows that U 0,r (N )M is nilpotent, therefore M contains U 0,r (N ) and r = r min (M ). Hence we can define a sequence (C i ) i of definable nilpotent subgroups of G, which are not U -subgroups, such that r = r min (C i ) for each integer i, and where, for each i, C i+1 is a Carter subgroup of N G (U 0,r (C i )) contained in E N G (U0,r(Ci)) (C i ). Then the sequence (U 0,r (C i )) i is increasing, and there exists an integer k such that U 0,r (C i ) = U 0,r (C k ) for any i ≥ k. Now N G (C k+1 ) normalizes U 0,r (C k+1 ) = U 0,r (C k ) and, since C k+1 is a Carter subgroup of N G (U 0,r (C k )), C k+1 is a Carter subgroup of G. In particular C k+1 is conjugate with C (Theorem 1.5), contradicting that C is a U -subgroup.
Proof -(Corollary 1.9 follows from Theorem 1.5). Since A is simple, we have C A (A) = 1 and
In the first case, we have L ∩ A = 1 since A is simple, so [A, L] = 1 and L centralizes A, that is L/C G (A) = 1. Hence, by Corollary 1.6, the Carter subgroups of G/C G (A) are conjugate.
Let C and D be two Carter subgroups of G. We show that C and D are conjugate. Since C G (A) is solvable, its connected component is a C-group (Fact 1.3), and Corollary 4.12 allows to suppose CC G (A) = DC G (A). Consequently C and D are two Carter subgroups of the solvable group CC G (A), so they are conjugate (Fact 1.3 ).
The Bender method revisited
In a group of finite Morley rank, a Borel subgroup is a maximal solvable connected definable subgroup. In [6] , J. Burdges studied the intersections between two Borel subgroups in minimal connected simple groups of finite Morley rank. In our context, we need to study the intersections between two Borel subgroups in a more general context.
From now on, we fix a C * -group G, a non generous torsion-free Carter subgroup C of G, with no nontrivial pseudo-torus, and let r = r min (C). Moreover, by Fact 3.10, we can fix an interpretable field K of characteristic zero such that rk(K) = r and U K (C) = 1.
The following result is proven as in [6, Results 3.10, 3.18 and 3.23]. Also, by Fact 2.3, we removed the word connected from the sentence "every nilpotent connected subgroup of H is abelian" [6, Proposition 4.1 (2)]. • for two distinct Borel subgroups B 1 and B 2 , then the following conditions hold:
• H is a homogeneous U L -subgroup for an interpretable field L of characteristic 0.
By using Lemma 4.9, we obtain the following corollary.
Corollary 6.2. -If C is contained in two distinct Borel subgroups B 1 and B 2 , then H = B 1 ∩ B 2 is torsion-free and without a nontrivial pseudo-torus, and:
• H is a homogeneous U L -subgroup for an interpretable field L of characteristic 0. • Every nilpotent subgroup of H is abelian, in particular C is abelian.
Concerning Fact 6.8 and [6, Proposition 5.9], we have a problem with the last paragraph of the proof of [6] . Indeed, in our context, it is not clear that C
We will use, in this section, the following facts, which are similar to 
• is solvable and C contains a Sylow U 0,r -subgroup of N . But Fact 3.4 shows that each Sylow U 0,r -subgroup of N contains a Sylow U K -subgroup of N , hence U K (C) is a Sylow U K -subgroup of N , and Fact 6.5 gives U K (N ) = U K (C). We conclude by Fact 6.3.
) is a solvable torsion-free subgroup, without a nontrivial pseudo-torus, and that r min (N G (U K (C)) = r. Consequently r min (N H (U K (C)) = r and D = U 0,s (D) | s ≥ r , and Fact 3.6 proves that
. This proves that D is a Carter subgroup of H, and H is solvable (Lemma 4.9).
Then we obtain the following fact, with a slightly different proof from the one of [6, Proposition 5.9]. Proof -Suppose toward a contradiction that C is not abelian and that C is not a homogeneous U K -subgroup. By Fact 3.10, there exists another interpretable field L = K of characteristic zero such that U L (C) = 1. Since C is non generous in G, its subset X = C ∩ ∪ g∈G\N G (C) C g is generic in C. Moreover, by Corollary 6.2, there is a unique Borel subgroup B of G containing C. Therefore, by Facts 2.12 and 6.4, there is a generic subset
• is a C-subgroup containing C and C g (Fact 3.10). By Corollary 6.7, C G (V )
• is solvable, so it is contained in B, in particular B contains C g and there exists b ∈ B such that C g = C b (Fact 1.3 ). This contradicts our choice of v ∈ C * , and U K (C) is not abelian. Now Fact 6.1 and Corollary 6.7 say that each C-subgroup of G containing
. This proves that B h = B and there exists b ∈ B such that C h = C b (Fact 1.3 ). This contradicts our choice of w ∈ C * .
Also, the following fact will be very important for us. Its proof is similar to the one of [ 
Proof -By Lemma 4.9, H is a torsion-free solvable group, and H has no nontrivial pseudo-torus. Let A be an indecomposable subgroup of H. By Facts 2.15 and 1.3, there exists x ∈ H such that D
x ≤ E H (A). By Fact 2.14 and Corollary
3.21, we have K(A) ≤ K(F (E H (A))), and Lemma 3.24 gives
and Lemma 3.20 proves that A is a U -group. Proposition 7.2. -Let H be a torsion-free solvable group of finite Morley rank without a nontrivial pseudo-torus, and D be a Carter subgroup of H. Let V be a definable subgroup of D, X a nonempty definable subset of H and F = {V ∩D
x | x ∈ X}. If ∪F is generic in V , then there exists x ∈ X such that D x contains K(V ).
Proof -We proceed by induction on rk(H). If F (H) contains V , then Corollary 3.21 and Lemma 3.24 yield
for each x ∈ X. Hence we may assume V F (H). Let U be a normal definable subgroup of H, maximal among the ones such that V U/U F (H/U ). Let F be the preimage of F (H/U ) in H. By Fact 2.14 we have E H (V U/U ) = H/U , and Fact 2.15 gives H = U E H (V ). Let A/U be a H-minimal subgroup of H/U . By maximality of U we obtain V A/A ≤ F (H/A) and Fact 2.15 yields H = AE H (V ), in particular we have F = A(F ∩ E H (V )).
Thus, if F = A, then (F ∩ E H (V ))U/U is nontrivial and contains an E H (V )-minimal subgroup B/U . Since B ≤ F centralizes A/U , B is normal in H = AE H (V ). By maximality of U , we obtain V B/B ≤ F (H/B), and Facts 2.14 and 2.15 yield H = BE H (V ). But B is contained in U E H (V ), hence H = U E H (V ), contradicting the preceding paragraph. Consequently we have F = A.
By Facts 2.4 and 2.13, we have H = AD, in particular H normalizes (A∩D)U/U and, by H-minimality of A/U , either H = U D or H/U = A/U DU/U . But we have H = U E H (V ), and D ≤ E H (V ) since D is nilpotent and contains V , therefore H = U D and H/U = A/U DU/U . As V U , there exists g ∈ X such that W = V ∩ D g is not contained in U . Then W is not contained in A = F and we have W ≤ E H (W ), in particular H = AE H (W ). By Facts 2.14 and 2.15, we have H = U E H (W ) and, by Hminimality of A/U , we obtain A ∩ E H (W ) ≤ U . Consequently E H (W )U/U is a complement of A/U in H/U , and E H (W )U/U contains DU/U , so E H (W )U = DU . Since E H (W ) contains D g , we obtain D g ≤ DU and Fact 2.13 gives g ∈ DU . Let X * = {x ∈ X | V ∩D x U } and F * = {V ∩D x | x ∈ X * }. By the preceding paragraph, we have X * ⊆ DU . Since ∪(F \ F * ) ⊆ U and V U , the subset ∪F * is generic in V . But we have H/U = A/U DU/U , hence DU < H, and the induction hypothesis applied to DU yields x ∈ X * ⊆ X such that K(V ) ≤ D x . This proves the result.
Proof -We assume toward a contradiction that C is not a V -group. By Corollary 3.17, C is not a U -subgroup and, by Fact 6.8, C is abelian. Let
). As C is non generous, we have
We prove that ∪F C is not generic in C. Since C is not a U -group, we have K(C) = 1 (Lemma 3.20) and
• is a C-group. As C is abelian, C 0 contains C and Lemma 4.9 says that C 0 is solvable. By Fact 2.12, there is a definable non generic subset J of C such that, for each g ∈ C 0 \ N G (C), C ∩ C g is contained in J. For every x ∈ X C , we have C x ≤ C 0 since C is abelian, so Fact 1.3 gives y ∈ C 0 such that C x = C y . Thus we have F C = {C ∩ C x | x ∈ X C ∩ C 0 } and ∪F C ⊆ J, in particular ∪F C is not generic in C. By the preceding paragraph, ∪F C is generic in C.
We consider a definable subgroup V of C, minimal among the ones such that ∪F V is generic in V , where
In particular V is not a U -group. By Fact 2.9, there is an algebraically closed field L and a normal definable subgroup N of V such that V /N is definably isomorphic to a L-vector space of dimension 2, and we may consider V /N as a L-vector space.
We assume toward a contradiction that N is not a U -group, that is K(N ) = 1 (Lemma 3.20). Let
∩ W is generic in W and, by the minimality of V , there is x ∈ X KN such that C x contains K(W ). By Corollary 3.21 we obtain
• contains C and, by Lemma 4.9, it is solvable. Moreover, for each
• } is a generic subset of V and Proposition 7.2 shows that there is y ∈ X V ∩ C G ( K(N ))
• such that K(V ) ≤ C y , contradicting the choice of X V . This proves that N is a U -group.
By Corollary 3.17, V has an indecomposable subgroup A which is not a U -group. We show that
Indeed, if A is an indecomposable subgroup of V which is not a U -group, if F A = {E ∈ F V | EA = V } and if (∪F A )A is generic in V , then Fact 2.9 yields an algebraically closed field K 1 and a normal definable subgroup M/A of V /A such that V /M is definably isomorphic to a K 1 -vector space of dimension 2. But the preceding paragraph with N = M proves that M is a U -group, contradicting A ≤ M (Fact 3.16).
By Fact 2.7, for each definable subgroup F of V , the subgroup F N/N is a vector subspace of V /N . Let
is a U -group (Lemma 3.20 and Facts 3.14 and 3.16). Hence we have K(V ) ≤ K(F ) ≤ F , contradicting F ∈ F V . As the union ∪{F ∈ F V | dim(F N/N ) = 0} is contained in N and is not generic in V , and as ∪F V is generic in V , we obtain the genericity of ∪F V 1 in V .
We consider a definable subset X * 
and of minimal Morley rank among the ones such that ∪{V ∩C
Let F be a fixed F * V -subgroup, and x ∈ G satisfying F = V ∩ C x . By Lemma 4.9 and since F ∈ F *
• is solvable and nonnilpotent. By Corollary 3.17, F has an indecomposable subgroup A which is not a U -group. By ( * ), if F *
We assume toward a contradiction that ∪F * 0 is a generic subset of V . By Fact 6.9, the subgroup U is contained in a unique Borel subgroup B U of G. For each E ∈ F * 0 and each
• is solvable (Lemma 4.9) and contains U and C x E . So we have
• ≤ B U for each such an element x E . By Fact 1.3, for each E ∈ F * 0 , there exists y E ∈ B U such that E = V ∩ C y E . If we consider X * 0 = {x ∈ B U | V ∩C x ∈ F * 0 }, then Proposition 7.2 yields a contradiction and this proves that ∪F * 0 is not generic in V . Let F F = ∪F * F \ ∪F * 0 . By the preceding paragraph, the union ∪F F is generic in V . In the same way, if we consider E ∈ F F , then E has an indecomposable subgroup B which is not a U -group, and the union ∪F E is generic in V where F E = {E 0 ∈ ∪F * V | E 0 B = V and E 0 ∩ E = 1}. By the choice of X * V and F * V , the union ∪(F E ∩ F F ) is generic in V . In particular there exists M ∈ F E ∩ F F and, thus, we have
Moreover, we have E = E ∩ M B = (E ∩ M )B = B and F = A, so E and F are indecomposable subgroups of V . Since dim(F N/N ) = dim(EN/N ) = 1, the subgroup F ∩ N (resp. E ∩ N ) is maximal in F (resp. E) by Fact 2.7, and we obtain J(F ) = F ∩ N and J(E) = E ∩ N , in particular J(E)J(F ) ≤ N . Since E ∈ F F , we have EF = EA = V and, as dim(EN/N ) = 1 = dim(F N/N ) and dim(V /N ) = 2, we have EN ∩ F N = N , in particular E ∩ F N ≤ N . Also we have J(E)F ≤ N F < V and, by the maximality of J(E) in E, the subgroup J(E)F is maximal in EF = V , hence J(E)F = N F and
Then the union of the subgroups P ∩ Y where P ∈ F E ∩ F F and P ∩ (Y \ N ) = ∅ is generic in Y . But, for such any subgroup P , we have P N/N ∩ Y /N = 1 and, as dim(P N/N ) = 1 = dim(Y /N ), we obtain Y = P N and
Moreover, in the same way than for E, every P ∈ F Y is definably isomorphic to F , in particular P is indecomposable. Moreover, since F/J(F ) ∼ = F N/N is definably isomorphic to a vector subspace of dimension 1 of V /N , we have F = U L (F ) and 
But N is a U -group, so N is a homogeneous U L -subgroup (Fact 3.13). Now F is a U L -subgroup and each proper subgroup of F is contained in J(F ) ≤ N , which is a homogeneous U L -subgroup, so F is a homogeneous U L -subgroup and F is a U -group. In the same way E is a U -group and V = EF is a U -group too (Fact 3.14).
Intersections of Carter subgroups
In this section we study the conjugacy of Carter subgroups with a nontrivial intersection between them.
We recall that C is a V -group, and a U -group by Theorem 7.3 and Corollary 3.17. Moreover, by Fact 3.13, U K (C) is a homogeneous U K -subgroup.
Lemma 8.1. -For each nontrivial definable subgroup U of C, the following conditions hold:
• is a solvable V -group; 2. r min (N G (U )) = r; 3. any Sylow U K -subgroup of N G (U ) is conjugate to a subgroup of U K (C).
Proof -If U is normal in C, then Lemmas 7.1 and 4.9 and Fact 3.4 give the result, so we may assume that U is not normal in C, in particular C is nonabelian and U = C. Also, by Fact 6.8, C is a homogeneous U K -subgroup. We may assume that, for every definable subgroup U 0 of C, rk(U ) < rk(U 0 ) implies: 1. N G (U 0 )
• is a solvable V -group; 2. r min (N G (U 0 )) = r; 3. any Sylow U K -subgroup of N G (U 0 ) is conjugate to a subgroup of U K (C).
Let N = N G (U )
• . We may assume that, for each g ∈ G, we have either
• is a solvable V -group; 2. r min (N G (V )) = r; 3. any
g . By Fact 3.6, the subgroup LV is nilpotent, therefore L contains V , and we have
• is a solvable V -group, it is a C-group with no nontrivial pseudo-torus and, since r min (N G (V )) = r, Lemma 4.9 says that U 0,r (L) is a Sylow U 0,r -subgroup of N N (V ). Moreover, since rk(K) = r, Fact 3.4 shows that each Sylow 
From now on, we obtain the following improvement of Corollary 6.7.
, then B is a solvable V -group and r min (B) = r.
Proof -We assume toward a contradiction that G has a C-subgroup B such that B ∩ U = 1, where U = U K (C), and that either B is not a solvable V -group or r min (B) < r. We may assume that, for every C-subgroup B 0 of G, if rk(B ∩ U ) < rk(B 0 ∩ U ), then B 0 is a solvable V -group and r min (B 0 ) = r. Let H = B ∩ U and N = N B (H)
• . By Lemma 8.1 1., N is a solvable V -group and, by Lemmas 4.9 and 8.1 2., U 0,r (D) is a Sylow U 0,r -subgroup of N for each Carter subgroup D of N , and r min (D) = r. Moreover, Fact 3.6 shows that DH is nilpotent, so
Consequently we have rk(B ∩ U ) = rk(B g ∩ U ) and
Since N is a solvable V -group, D is a V -group and B is a solvable V -group (Lemma 7.1). Now Lemma 4.9 yields r min (B) = r and a contradiction. Corollary 8.3. -Let U be a nonabelian subgroup of C. Then U is contained in a unique maximal C-subgroup B of G. Moreover, B is a solvable V -group.
Proof -By Fact 6.8, C is a homogeneous U K -subgroup of G. By Proposition 8.2, every C-subgroup of G containing U is a solvable V -subgroup, and Fact 6.1 yields the uniqueness of B.
Proof -By Lemma 6.6, U = U K (C) is a Sylow U K -subgroup of G. We assume toward a contradiction that G has a Sylow U K -subgroup S non conjugate to U and such that S ∩ C = 1. We may assume:
We show that S ∩ C is a homogeneous U K -subgroup. Otherwise Fact 3.13 yields an interpretable field
and ( * ) provides the result. Proof -By Lemma 6.6, U = U K (C) is a Sylow U K -subgroup of G. By Fact 3.13, U is a homogeneous U K -subgroup. We show that U ∩ D = 1. We assume toward a contradiction that U ∩ D = 1. Let V = U K (D). By Proposition 8.4, there exists x ∈ G such that V x ≤ U . By Lemma 8.1 1. and 2.,
• is a solvable V -subgroup and r = r min (N ). By Lemma 4.9, and since D x normalizes V x , D x contains a Sylow U 0,r -subgroup R of N and we obtain
3). Hence U = V x , and C and D are two non conjugate Carter subgroups of N , contradicting Fact 1.3. This proves that U ∩ D = 1 and, by Fact 6.8, we obtain the result.
The subgroups
We introduce and we analyse the last ingredients for our proof. Subgroups V K ( · ) and X K ( · ) are to the heart of our proof and of our final rank calculation. The main result of this section is Theorem 9.10. Notation 9.1. -If H is a definable subgroup of G, we let:
Lemma 9.3. -Let H be a nontrivial definable subgroup of U K (C) and suppose
• E.
Proof -By Lemma 8.1 1., N G (H)
• is a solvable V -group, in particular its definable nilpotent subgroups are torsion-free U -subgroups (Corollary 3.17). By Lemma 8.1 2. and by Fact 3.6, DH is nilpotent, so D contains H. We consider
Then Fact 3.13 gives F (N G (H))
• = H × U ≤ DU , and Facts 2.4 and 2.13 yield
But Fact 3.13 gives U K (U ) = U K (E) = 1, therefore Fact 3.18 yields
Furthermore the preceding paragraph and Fact 3.13 provide
Lemma 9.4. -Let H be a nontrivial definable subgroup of U K (C) and suppose
Proof -By Lemma 9.3, we have
By Fact 2.4 and Lemma 8.1 1.,
. This proves that W is contained in V K (H) = H, and Fact 6.3 says that H = W is a Sylow U Ksubgroup of V , so H = V .
The following proposition is our first important result concerning the subgroups of Notation 9.1.
Proof -We assume toward a contradiction that H is a counterexample of minimal Morley rank and that
On the other hand, by Lemma 8.1 1. and 2., N G (M )
• is a solvable V -group and r = r min (N G (M )). Hence, for each nontrivial indecomposable U L -subgroup A of N G (M ) with L = K an interpretable field of characteristic zero, we have rk(L) ≥ r and Fact 3.6 says that AV K (M ) is nilpotent, so A centralizes V K (M ) (Fact 3.10) . This proves that
By the preceding paragraph, there exists a definable subgroup N of H, such that M < N and
H. We consider such a subgroup N of maximal rank. Then the choice of M implies V K (N ) ≤ H. Let U 0 = N and, for each i ∈ N such that U i ≤ H, U i+1 = V K (U i ). By Proposition 8.4, U i is a homogeneous U K -subgroup for each i, so this sequence is increasing and our hypothesis over H and M implies U i ≤ H for each i. In particular there exists j ∈ N such that U j = U j+1 = V K (U j ), and we have U j = H by the minimality of rk(H).
• is a solvable V -group (Lemma 8.1 1.), so Fact 3.18 shows that N G (N )
• /X K (N ) is a solvable homogeneous U K -group, and it is nilpotent by Fact 3.12. Now Fact 2.15 gives
• , and we have 
Lemma 9.9. -If F = {L i | i ∈ I} is a uniformly definable family of subgroups of a group H of finite Morley rank, then {F (L i ) | i ∈ I} is a uniformly definable family of subgroups of H.
Proof -By Fact 9.7, there exists an integer d such that deg(L i ) ≤ d for each i ∈ I. Let n = rk(H) + d + 1. We have only to prove that, for every
• and we have
. Now Fact 9.8 finishes the proof.
Theorem 9.10. -Let F = {F i | i ∈ I} be a uniformly definable family of subgroups of
a uniformly definable family of subgroups of G.
Proof -We may assume F = 1 for each F ∈ F . Since {N G (F ) | F ∈ F } is a uniformly definable family of subgroups of G, Fact 9.7 says that there is a bound b on the Morley degrees of N G (F ) for F ∈ F . If c = b!, then the order of
• is divisible and N G (F )
• | i ∈ I} is a uniformly definable family of subgroups of G. Now Lemma 9.9 proves that {F (N G (F i )
• ) | i ∈ I} is a uniformly definable family of subgroups of G. But, by Lemma 8.1 1. and by Fact 3.17,
• is a U -subgroup for each i ∈ I, hence Fact 3.13 yields
• is torsion-free, we have
• for each i ∈ I, and {F (N G (F i ))
• | i ∈ I} is a uniformly definable family of subgroups of G.
• E | i ∈ I} is a uniformly definable family of subgroups of G.
Case 2: C is non abelian. By Fact 6.8, C is a homogeneous U K -subgroup. By Corollary 8.3, C is contained in a unique maximal C-subgroup B of G, and B is a solvable V -group. Let H = U K0 (F (B)) | K 0 = K interpretable field of characteristic 0 . By Facts 3.13 and 3.17, we have F (B) = H × U K (F (B) ), in particular U K (H) = 1 and
By Facts 2.4 and 2.13, we have B = F (B)C, and Fact 3.6 gives U K (F (B)) ≤ C, so B = HC. Since U K (H) = 1 and since C is a homogeneous U K -subgroup, we obtain B = H C.
We show that N C (N C (F )) is nonabelian for each F ∈ F . Indeed, we may assume that N C (F ) is abelian for F ∈ F . Then F is abelian and N C (F ) is a maximal abelian subgroup of C containing F . Since C is non abelian, we obtain
• is contained in B for each F ∈ F . Let F ∈ F . By the preceding paragraph, N C (N C (F )) is nonabelian and, by Corollary 8.3, B is the unique maximal C-subgroup of G containing N C (N C (F ) 
• is a C-group since there is a N G (N C (F ))
• -minimal subgroup A in N C (F ), and A is abelian and divisible as C is a nilpotent and torsion-free, so N G (N C (F ))
• is contained in B.
Let F ∈ F . We show that
• N H (F ). By ( * ), this is sufficient to conclude. Since N G (F )
• is a solvable V -group (Lemma 8.1 1.), Fact 2.14 shows that Lemma 9.3 ). Thus we have
in particular D normalizes N C (F ), and D is contained in B by the preceding paragraph. Since U K (X K (F )) = 1 (Lemma 9.3) and since B = H C with C a homogeneous U K -subgroup, Fact 3.18 gives
• is a U -subgroup and Fact 3.13 yields
By Fact 2.15, we have
and Facts 2.4 and 2.13 imply
by (3) This proves that
• N H (F ) and finishes our proof.
A generosity theorem
In this section, we describe the structure of G (Theorem 10.6). The main ingredient for the proof is Theorem 10.5.
Moreover, C is a Sylow U 0,r -subgroup of G and U 0,r (H) = 1.
Proof -By Proposition 8.2, B is a solvable V -subgroup, in particular F (B) is a torsion-free U -subgroup (Corollary 3.17). Then Fact 3.13 yields F (B) = H × U K (F (B) ) where
But Fact 3.6 provides the nilpotence of U 0,r (F (B))C, hence we have C ≥ U 0,r (F (B)) ≥ U K (F (B) ). Now, as Facts 2.4 and 2.13 give B = F (B)C, we obtain B = HC and, as C = U K (C) is a homogeneous U K -subgroup, we have
Moreover, since C is a U K -subgroup, it is a U 0,r -subgroup and U 0,r (N G (C)) = U 0,r (C) = C, consequently Fact 3.3 shows that C is a Sylow U 0,r -subgroup of G. 
Proof -
We may assume A = 1. Let g ∈ G suh that A g ≤ C. If C is abelian, then C and C g −1 are two Carter subgroups of the C-group C G (A)
• , and there
In particular we have yg ∈ N G (C) and
Hence we may assume C non abelian.
By Fact 6.8, C is a homogeneous U K -subgroup. By Corollary 8.3, there is a unique maximal C-subgroup B of G containing C, and B is a solvable V -subgroup. Consequently, by Lemma 10.1, we have B = H C for H a definably characteristic nilpotent V -subgroup of B such that U 0,r (H) = 1.
We show that,
Indeed, for every u ∈ N G (B) such that A u ≤ C, there exists b an element of the C-subgroup B such that C ub = C, and we have A ub ≤ C. Since B = H C, we may assume b ∈ H, in particular we obtain H A u = H A ub and
By ( * ) we may assume g ∈ N G (B). In particular we have B = B Let U = N C (A g ) and b ∈ N B (A g ). Then there exist h ∈ H and c ∈ C such that b = hc and, for each a ∈ A, we have [h,
In the same way, if we let
V . We show that U and V are abelian. We suppose toward a contradiction that U is non abelian. Then B is the unique maximal C-subgroup of G containing U (Corollary 8.3 ). Moreover A is abelian and divisible, so N G (A)
g . Henceforth V is abelian (Corollary 8.3) and V is the unique maximal abelian subgroup of C g containing A g . Since C g is non abelian, we have V < C g , therefore V < N C g (V ) and N C g (V ) is non abelian. In particular B g is the unique maximal C-subgroup of G containing N G (V )
• (Corollary 8.3). Let W be a Sylow U 0,r -subgroup of B containing V . By Fact 3.4 and Lemma 10.1, C = U K (C) is conjugate to W . In particular W is non abelian and, since V is abelian, we have V < W and V < N W (V ). But we have
so N W (V ) is abelian (Corollary 8.3), and we obtain
Hence U is abelian. In the same way, V is abelian.
Since U is abelian, U is the unique maximal abelian subgroup of C containing A g . Since C is non abelian, we have U < C and U < N C (U ), therefore N C (U ) is non abelian. In particular, by Corollary 8.3, B is the unique maximal C-subgroup of G containing N C (U ). Since U is abelian and divisible, N G (U )
• is a C-group, so B is the unique maximal C-subgroup of G containing N G (U )
• . In the same way, B g is the unique maximal C-subgroup of G containing N G (V )
• . We show that U and V are conjugate in (
• ≤ B. Now Lemma 10.1 and Fact 3.4 say that U 2 is B-conjugate with a subgroup of C, so U 2 ∩ H = 1. But U 2 contains U and is contained in
g is a C-subgroup of G, it is solvable (Proposition 8.2), and Fact 3.4
Now we apply ( * ) with u = gy, and we obtain x ∈ N G (C) such that A x = A g .
Proposition 10.3. -Let R be a solvable V -group, and U a Sylow U K -subgroup of R. Then {U ∩ U g | g ∈ R} is a finite set.
Proof -We proceed by induction on rk(R). By Fact 6.5, we may assume R = R U . By Corollary 3.17 and by Fact 3.13, U is a homogeneous U K -subgroup. Suppose that R ∩ U is nontrivial. Since U is a homogeneous U K -subgroup, U 0 = U K (R ) is nontrivial too. By Fact 2.4, R is nilpotent, therefore Fact 3.6 gives (Fact 6.3) . Moreover, R/U 0 is a Vgroup by Facts 3.1 and 3.16. Hence, by the induction hypothesis, we may assume R = R U . Note that the equality R = R U implies, in particular, that U is abelian and that N R (U ) centralizes U .
We show that, for every g ∈ R we have
. By Fact 2.14, for every g ∈ R, we have
. Also Fact 3.6 says that, for every g ∈ R,
We show that, if there exists
and, by Fact 6.5, there exists y ∈ C R (U ∩ U g ) such that U y = U x −1 . In particular we have U yx = U and yx ∈ N R (U ) = C R (U ), so
Let g and h be two elements of R such that U ∩ U g = U ∩ U h . By the preceding paragraph, U ∩U g and U ∩U h are not conjugate and, since U ∩U α = U K (F (E R (U ∩ U α ))) for α ∈ {g, h}, the subgroups E R (U ∩U g ) and E R (U ∩U h ) are not conjugate. Now Fact 2.16 yields the result.
Lemma 10.4. -Let F be a nontrivial definable subgroup of U K (C) and suppose
Proof -Let U = U K (C). By Fact 3.13, it is a homogeneous U K -subgroup. As F is nilpotent, F contains a N G (F )
• -minimal subgroup, which is abelian (Fact 2.5), so
• is a C-subgroup. By Proposition 8.2, N G (F )
• is a solvable V -subgroup and r min (N G (F )
• ) = r, so its nilpotent definable subgroups are U -subgroups (Corollary 3.17), in particular its U K -subgroups are homogeneous (Fact 3.13) .
Since N U (F ) is a U K -subgroup, Fact 3.4 and Lemma 4.9 provide a Carter 
. Suppose that N U (F ) is abelian. Then F centralizes N U (F ) and, as lemma 9.3 says that F centralizes X K (F ), the subgroup N G (F )
• centralizes F . Suppose that N U (F ) is nonabelian. Then Corollary 8.3 yields a unique maximal C-subgroup B containing N U (F ), in particular B contains N G (F )
• and C. Furthermore Corollary 8.3 says that B is solvable. By Fact 2.14, E B (F ) is a connected definable subgroup of B containing N G (F )
• and C, and we have
• , and it is normalized by N G (F )
• ≤ E B (F ). Thus we have
and Fact 6.3 shows that F is a Sylow U K -subgroup of F (E B (F )), that is F = U K (F (E B (F ))). Hence F is normalized by E B (F ), in particular C normalizes F and N U (F ) = U . But C ≥ N U (F ) is nonabelian, so Fact 6.8 provides C = U , and this equality finishes our proof.
Theorem 10.5. -Let H be a proper definable subgroup of U K (C) and suppose H = V K (H). Let F = {F i | i ∈ I} be a uniformly definable family of proper subgroups of H, with I a definable set, and such that F i = V K (F i ) for each i ∈ I. If ∪F is generic in H, then C is a nonabelian U K -subgroup, and there are a solvable connected definable subgroup B containing C and g ∈ B \N B (C) such that H ≤ C g .
Proof -We may assume F i = 1 for each i ∈ I, in particular N G (F i )
• is a C-subgroup. For each i ∈ I, we consider B i a maximal C-subgroup of G containing N G (F i )
• . By Proposition 8.2, it is a solvable V -subgroup, in particular its U Ksubgroups are homogeneous (Fact 3.13 and Corollary 3.17).
Suppose that B = {B i | i ∈ I} is a finite set. Then there exists i 0 ∈ I such that, if we let
• ≤ B i0 }, the union ∪F 0 is a generic subset of H, in particular B i0 contains H. Let V be a Sylow U K -subgroup of B i0 containing H. For each F ∈ F 0 , let V F be the intersection of the Sylow U K -subgroups of B i0 containing F . Then, for each F ∈ F 0 , V F is normalized by N G (F )
• and we obtain
, and the nilpotence of V F gives V F = F < H. In particular, for each F ∈ F 0 , there exists a Sylow U K -subgroup S F of B i0 such that F ≤ S F and S F ∩ H < H. By Fact 6.5, for each F ∈ F 0 , there exists x F ∈ B i0 such that S F = V x F and Proposition 10.3 shows that the family {H ∩S F | F ∈ F 0 } is finite. Since, for each F ∈ F 0 , we have F ≤ H ∩ S F < H, this contradicts the genericity of ∪F 0 in H. Hence the set B = {B i | i ∈ I} is infinite.
Suppose that C is abelian. By Lemma 10.4, N G (H)
• centralizes H and, for each
Hence C is nonabelian and C = U K (C) (Fact 6.8). Moreover, by Corollary 8.3, there is a unique maximal C-subgroup B of G containing C, and B is a solvable V -subgroup. In particular its nilpotent definable subgroups are U -subgroups (Corollary 3.17) . We suppose N G (H)
• ≤ B. Then Fact 2.14 says that E B (H) is a connected definable subgroup such that
Consequently we have g ∈ B \ N B (C) and H ≤ C g , so we may assume N G (H)
• is a C-subgroup, and Corollary 8.3 shows that
is trivial (Lemmas 9.3 and 10.4). Moreover N G (H)
• centralizes H (Lemma 10.4) and, for each i ∈ I, we obtain N G (H)
• , it is an Carter subgroup of G, and Theorem 8.5 says that it is conjugate to C. This contradicts that C is not abelian, so N G (H)
• is not abelian. Consequently, since each C-subgroup of G containing H is solvable (Proposition 8.2), Fact 6.1 provides an interpretable field L of characteristic zero such that (N G (H)
• ) is a nontrivial homogeneous U L -subgroup and
• is a C-subgroup containing N C (N C (H)), and Corollary 8.3 gives N G (N C (H)) • ≤ B.
, and this finishes the proof.
Theorem 10.6. -There is a uniformly definable family F = {F i | i ∈ I} of proper subgroups of U K (C) such that I is an interpretable set and:
• there exist three integer f, u and v such that, for each F ∈ F , rk(
• for each F ∈ F , the following set is non generic in F X K (F ):
• for any generic subset J of I,
• for each definable generic subset G * of G, there exist x ∈ G * and g ∈ G such that U K (d(x)) is nontrivial and contained in U K (C g ).
• (Lemma 7.1) and, by Facts 1.3 and 2.12, C ∩ C g is contained in the following non generic subset
and C is generically disjoint of its conjugates, contradicting its non generosity. This proves that ∪F U is a generic subset of U , in particular we have F U = ∅ and 1 ∈ ∪F U .
If we let
for each i and we have
} is a generic subset of U . In the same way, we find some integers u and v such that, if
• If C is abelian, we consider the definable subset X = Y of G and the uniformly definable family F = {U ∩ U g | g ∈ X} of subgroups of U . In particular, for each x ∈ N G (U ) and each F ∈ F , we have X x = X and F x ∈ F .
• If C is not abelian, then C is contained in a unique maximal C-subgroup B of G (Corollary 8.3), moreover B is a solvable V -group such that r min (B) = r (Proposition 8.2) and C = U is a homogeneous U K -subgroup (Fact 6.8).
Hence, by Proposition 10.3, C ∩ (∪ b∈B\N B (C) C b ) is a definable non generic subset of C. Thus, if we consider X = {y ∈ Y | U ∩ U y ⊆ ∪ b∈B\N B (C) C b } and the uniformly definable family F = {U ∩ U g | g ∈ X} of subgroups of U , the subset ∪F is generic in U . Moreover, for each x ∈ N G (U ) and each F ∈ F , we have x ∈ N G (B) by the unicity of B, so (
Now, F is a uniformly definable family of nontrivial proper subgroups of U such that ∪F is generic in U and the set F = {U ∩ U g | g ∈ X} can be indexed by an interpretable set I such that each i ∈ I defines just one element of F = {F i | i ∈ I}. Moreover, since U is a homogeneous Sylow U K -subgroup of G (Fact 3.13 and Corollary 3.17), we have U = V K (U ), so F = V K (F ) for each F ∈ F (Corollary 9.6). Also Lemma 10.4 shows that, for each F ∈ F , rk(F X K (F )) = f − u + v and rk(X K (F )) = v − u.
By Lemma 8.1 1. and 2., for each F ∈ F , N G (F )
• is a solvable V -group and r min (N G (F )) = r, so Lemma 9.3 gives F X K (F ) = F × X K (F ) and U K (X K (F )) = 1, in particular F is the unique Sylow U K -subgroup of F X K (F ).
(1) For each F ∈ F , the following set is non generic in F :
We suppose toward a contradiction that F ∈ F is a counterexample to (1). Since Corollary 9.6 gives F ∩ E g = V K (F ∩ E g ) for each E ∈ F and each g ∈ G, Theorem 10.5 says that C is a nonabelian U K -subgroup, and there are a solvable connected definable subgroup B 0 containing C and b ∈ B 0 \ N B0 (C) such that F ≤ C b . By the unicity of B, we have B 0 ≤ B and b ∈ B, and the choice of F in the nonabelian case yields a contradiction.
(2) rk(I) = rk(U ) − f and, for each generic subset J of I, ∪ j∈J F j is generic in U .
We consider U F = F \ A F for each F ∈ F . For each F ∈ F , (1) provides rk(U F ) = f . Since, for each (E, F ) ∈ F × F , we have U E ∩ U F = ∅ if E = F , we obtain rk(∪ j∈J U Fj ) = rk(J) + f = rk(I) + f and rk(∪ i∈I\J U Fi ) = rk(I \ J) + f . On the other hand, (1) gives rk(A F ) < f for each F ∈ F , and we obtain rk(∪ F ∈F A F ) ≤ rk(I) + (f − 1), so we find rk(U ) = max{rk(∪ j∈J U Fj ), rk(∪ i∈I\J U Fi ), rk(∪ F ∈F A F )} = rk(∪ j∈J U Fj ) = rk(I) + f.
Since rk(∪ j∈J U Fj ) ≤ rk(∪ j∈J F j ) ≤ rk(U ), the preceding equality provides (2).
(3) For each F ∈ F , the following set is non generic in F X F (F ):
Suppose toward a contradiction that F ∈ F is a counterexample to (3). Since, for each E ∈ F , E is the unique Sylow U K -subgroup of EX K (E), for each g ∈ G and each E ∈ F , we have F X K (F ) ∩ (EX K (E)) g = (F ∩ E g ) × (X K (F ) ∩ X K (E) g ), in particular A F is generic in F , contradicting (1). there exists g ∈ G and j ∈ J such that F g j = E and we have rk{h ∈ G | F h j = E} = rk(N G (F j )) = v. Moreover there exists an integer w such that H 0 = {E ∈ H | rk(α −1 (E)) = w} is a definable generic subset of H . Thus, if for a fixed j 0 ∈ J there exists h ∈ G such that F h j0 ∈ H 0 , then for each g ∈ G we have rk(α −1 (F g j0 )) = rk({j ∈ J | ∃k ∈ G, F k j = F j0 }) + v. Since this equality holds for every g ∈ G, we obtain rk(α −1 (F g j0 )) = rk(α −1 (F h j0 )) = w, and F g j0 ∈ H 0 for every g ∈ G. In other words, there exists a generic subset J 0 of J such that, for every (j 0 , g) ∈ J 0 × G, F g j0 ) is an element of H 0 , and, without loss of generality, we may assume J = J 0 and H = H 0 .
Consequently we have rk(J) + rk(G) − w = rk(H ) and, by (2), rk(H ) = rk(U ) − f + rk(G) − w. On the other hand, by Proposition 10.2, for each E ∈ H there is (j 0 , g) ∈ J × G such that E = F g j0 and we have rk{j ∈ J | ∃h ∈ G, F h j = E} = rk{j ∈ J | ∃h ∈ N G (C), F h j = F j0 } ≤ rk(N G (C)) − rk(N N G (C) (F j0 )) = rk(C) − rk(N C (F j0 )).
So we obtain w ≤ (rk(C) − rk(N C (F j0 ))) + v. Also, by Fact 3.13, we find rk(C) − rk(N C (F j0 )) = rk(U ) − rk(N U (F j0 )) = rk(U ) − u, therefore w ≤ v + rk(U ) − u. Henceforth, by (3) and since rk(F X K (F )) = f − u + v and rk(X K (F )) = v − u for each F ∈ F , we obtain rk( This proves the genericity of (4), and it shows that w = v + rk(U ) − u, so rk( j∈J, g∈G
(5) For each definable generic subset G * of G, there exist x ∈ G * and g ∈ G such that U K (d(x)) is nontrivial and contained in U K (C g ).
We consider J 0 as in (4) . Then the subset W 0 = j∈J0, g∈G X K (F j ) g is not generic in G, and W 1 = ∪ j∈J0, g∈G (F j X K (F j )) g is generic in G, so there exists x ∈ G * ∩ (W 1 \ W 0 ). Then U L (d(x)) is contained in W 0 for each interpretable field L = K of characteristic zero. Since there exist F ∈ F and g ∈ G such that x ∈ (F X K (F )) g , Fact 3.13 shows that U K (d(x)) is nontrivial. But F g is the unique Sylow U K -subgroup of (F X K (F )) g , hence we have U K (d(x)) ≤ F g ≤ U K (C g ).
Conclusion
In this section, we show that Theorem 1.5 holds for any C * -group (Theorems 11.1 and 11.3). Consequently, by Theorem 4.14, we obtain Theorem 1.5.
Theorem 11.1. -C is a homogeneous U K -subgroup.
Proof -We assume toward a contradiction that C is not a homogeneous U Ksubgroup. By Fact 6.8, C is abelian. We consider a uniformly definable family F of subgroups of U K (C) as in Theorem 10.6, and the subgroup E = U L (C) | L = K is an interpretable field of characteristic 0 .
By Fact 3.13, we have C = U K (C)×E, in particular E is nontrivial and N G (E)
• is a C-subgroup. Moreover, by Lemma 8.1 1. and 3., N G (E)
• is a solvable V -subgroup and U K (C) is a Sylow U K -subgroup of N G (E)
• . Let J = {j ∈ I | ∀ g ∈ N G (E)
Since ∪ i∈I F i is generic in U K (C), Proposition 10.3 shows that ∪ j∈J F j is generic in U K (C) too, so we have rk(U K (C)) ≤ rk(J) + f ≤ rk(I) + f = rk(U K (C)). Thus rk(J) = rk(I) and J is generic in I, therefore j∈J, g∈G
g is generic in G (Theorem 10.6).
We show that, for each j ∈ J, F j E is a Carter subgroup of
• normalizes U K (C)E = C, and N Fj X K (Fj ) (F j E)
• is contained in C ∩ F j X K (F j ) = F j (C ∩ X K (F j )). By Lemma 9.3, we have U K (X K (F j )) = 1, so U K (C ∩ X K (F j )) = 1 and C ∩ X K (F j ) is contained in E (Fact 3.13). This proves that N Fj X K (Fj ) (F j E)
• is contained in F j E and, since E ≤ X K (F j ), F j E is a Carter subgroup of F j X K (F j ).
We consider X = ∪ g∈G C g . Then the subset Y = ( j∈J, g∈G (F j X K (F j )) g ) \ X is generic G. On the other hand, the preceding paragraph and Fact 2.12 show that, for each j ∈ J, we have rk(F j X K (F j ) \ X) < rk(F j X K (F j )) = f − u + v. Hence, since N G (F j X K (F j )) = N G (F j ) for each j ∈ J, we have
which contradicts the genericity of Y .
Lemma 11.2. -Let H be a nontrivial definable subgroup of U K (C) and suppose H = V K (H). Then N U K (C) (H) is a Sylow U 0,r -subgroup of N G (H).
Proof -Let N = N C (H). By Theorem 11.1, C is a homogeneous U K -subgroup, in particular C = U K (C) and N is a U K -subgroup of N G (H). Moreover, since rk(K) = r, N is a U 0,r -subgroup and there is a Sylow U 0,r -subgroup S of N G (H) containing N . By Proposition 8.4, U K (S) is a homogeneous U K -subgroup, and Lemma 9.3 yields U K (S) ∩ X K (H) = 1. Then Lemma 10.4 shows that N = U K (S).
Let Z = Z(C). Since C is a nontrivial homogeneous U K -subgroup, Z is a nontrivial U K -subgroup. Since Z is contained in N = N C (H), N centralizes Z, and S centralizes Z too (Fact 3.10 ). Hence C G (Z)
• is a C-subgroup containing S and C. By Lemma 4.9 and Fact 3.4, there exist c ∈ C G (Z)
• such that S c ≤ C, in particular S is a U K -subgroup and S = U K (S) = N . Consequently N is a Sylow U 0,r -subgroup of N G (H).
Theorem 11.3. -G has no generous Carter subgroup, and the divisible Carter subgroups of G are conjugate.
Proof -We assume toward a contradiction that G has a generous Carter subgroup E. We consider a uniformly definable family F of subgroups of U K (C) as in Theorem 10.6. Then there exist x ∈ E and g ∈ G such that U K (d(x)) is nontrivial and contained in U K (C g ), and Theorem 8.5 provides a contradiction. Let D be a divisible Carter subgroup of G. We show that C and D are conjugate. By the preceding paragraph, D is non generous, and Proposition 4.7 shows that D is torsion-free, and has no nontrivial pseudo-torus. By Theorem 11.1, there is an interpretable field L of characteristic zero such that D is a homogeneous U Lsubgroup.
We consider a uniformly definable family F = {F i | i ∈ I} of nontrivial subgroups of U K (C) as in Theorem 10.6. Then ∪ i∈I, g∈G (F i X K (F i )) g is generic in G, and Theorem 10.6 applied to D yields (i, g) ∈ I × G and x ∈ (F i X K (F i )) • is a C-group, it is solvable (Proposition 8.2), and Lemma 11.2 and Fact 3.4 yield h ∈ N G (F i )
• such that
h ≤ N C (F i ) ≤ C, hence we have D h ∩ C = 1. Now Theorem 8.5 shows that C and D are conjugate.
